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We give proofs of a list of M. Somos’ dissection identities. An eta function identity present-
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1. Introduction and main theorems
In his essay [12], Michael Somos lists some interesting algebraic relations among the parts of dissections. Before we give
proofs of these identities in the following section, we introduce some notations and preliminary results for q-series.
Deﬁne
(a)0 := (a;q)0 = 1, (a)n := (a;q)n =
n−1∏
k=0
(
1− aqk), n 1,
(a)∞ := (a;q)∞ = lim
n→∞(a;q)n, |q| < 1.
Ramanujan’s symmetric two-variable general theta function is deﬁned as
f (a,b) :=
∞∑
n=−∞
an(n+1)/2bn(n−1)/2, |ab| < 1.
It is easy to verify that if n is an integer,
f (a,b) = an(n+1)/2bn(n−1)/2 f (a(ab)n,b(ab)−n). (1.1)
Jacobi’s triple product identity is given by [4, p. 10]
(−qz;q2)∞(−q/z;q2)∞(q2;q2)∞ =
∞∑
n=−∞
qn
2
zn, |q| < 1.
Jacobi’s triple product identity can be written as
f (a,b) = (−a;ab)∞(−b;ab)∞(ab;ab)∞.
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ϕ(q) := f (q,q) =
∞∑
n=−∞
qn
2 = (−q;q2)2∞(q2;q2)∞,
ψ(q) := f (q,q3)=
∞∑
n=0
qn(n+1)/2 = (q
2;q2)∞
(q;q2)∞ ,
f (−q) := f (−q,−q2)= (q;q)∞.
We will use Jacobi’s identity [4, p. 14]
∞∑
n=0
(−1)n(2n + 1)q n(n+1)2 = (q;q)3∞. (1.2)
An identity due to Euler [4, p. 4] is also needed in this paper:
(−q;q)∞ = 1
(q;q2)∞ . (1.3)
A system of congruences ai (mod ni) with 1  i  k is called a covering system (or complete residue system) if every
integer y satisﬁes y ≡ ai (mod ni) for at least one value of i.
A covering system in which each integer is covered by just one congruence is called an exact covering system (ECS). For
any positive integer k, corresponding to the exact covering system {r (mod k)}, (r = 0,1,2, . . . ,k − 1), we can write a theta
function as the linear combination of k theta functions
f (a,b) =
∞∑
n=−∞
an(n+1)/2bn(n−1)/2 =
k−1∑
r=0
∞∑
n=−∞
a(kn+r)(kn+r+1)/2b(kn+r)(kn+r−1)/2
=
k−1∑
r=0
ar(r+1)/2br(r−1)/2 f
(
ak(k+1)/2+krbk(k−1)/2+kr,ak(k−1)/2−krbk(k+1)/2−kr
)
. (1.4)
If we deﬁne Uk = ak(k+1)/2bk(k−1)/2, Vk = ak(k−1)/2bk(k+1)/2, we will have [3, pp. 48–49, Entry 31]
f (a,b) = f (U1, V1) =
k−1∑
r=0
Ur f
(
Uk+r
Ur
,
Vk−r
Ur
)
. (1.5)
Deﬁnition 1.1. Let P (q) denote any power series in q. Then the t-dissection of P is given by
P (q) =:
t−1∑
k=0
qk Pk
(
qt
)
,
where the Pk are the parts of the dissection.
From the above deﬁnition, and the fact that k(k ± 1)/2± kr is divisible by k for k odd, we can ﬁnd that (1.4) gives the
k-dissection of f (a,b), where a and b are integer powers of q and k is odd.
We need to cite the quintuple product identity [4, p. 19].
Theorem 1.1 (The quintuple product identity).
f (−x2,−λx) f (−λx3)
f (−x,−λx2) = f
(−λ2x3,−λx6)+ xf (−λ,−λ2x9). (1.6)
For a history of the quintuple product identity, the reader can refer to S. Cooper’s survey [8].
We also need to cite a corollary in [6], a generalization of the quintuple product identity derived by the author.
Corollary 1.1. For ab = q and cd = q2 ,
f (a,b) f (c,d) = f (ac,bd) f (a2dq,b2cq)+ af (acq,bd/q) f (a2dq3,b2c/q)+ bf (ac/q,bdq) f (a2d/q,b2cq3). (1.7)
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R(q) = q
1
5
1 +
q
1 +
q2
1 +
q3
1 + · · · , |q| < 1.
L.J. Rogers [10] ﬁrst proved that
R(q) = q 15 (q;q
5)∞(q4;q5)∞
(q2;q5)∞(q3;q5)∞ . (1.8)
Ramanujan’s cubic continued fraction was ﬁrst introduced by Ramanujan on page 366 of his lost notebook
G(q) = q
1
3
1 +
q + q2
1 +
q2 + q4
1 +
q3 + q6
1 + · · · , |q| < 1.
By [1, p. 94],
G(q) = q 13 (q;q
2)∞
(q3;q6)3∞
. (1.9)
In his essay, Somos uses the terms multisection, trisection, and quintisection for dissection, 3-dissection, and 5-dissection,
respectively. We adopt Somos’ notation, split up a power series A into parts depending on the residue of the exponent
modulo a ﬁxed modulus, and let Ai denote the part with exponent modulo i. So we can now write the t-dissection of A as∑t−1
i=0 Ai .
Theorem 1.2. For the 3-dissection of (q;q)∞ = A = A0 + A1 + A2 , we have A2A20 + A0A21 + A1A22 = 0.
Theorem 1.3. Let ω denote a primitive cube root of unity. For the 3-dissection of A = (q;q)3∞ , we have A2 = 0, A = A0 + A1 . Let p
be a complex number with |p| < 1, then
A(ωp)A(ωq) + ωA(ω2p)A(ω2q)+ 3(ω + 1)A1(p)A1(q) = (ω + 1)A(p)A(q). (1.10)
Identity (1.10) is essentially the main identity of Berndt and Hart in [5].
The 5-dissection of (q;q)∞ leads to an identity (1.13) due to Ramanujan for the Rogers–Ramanujan continued frac-
tion R(q).
Theorem 1.4. For the 5-dissection of (q;q)∞ , we have
A = f (−q25)
{
f (−q15,−q10)
f (−q20,−q5) − q − q
2 f (−q5,−q20)
f (−q15,−q10)
}
= A0 + A1 + A2, (1.11)
where
A0 = f
(−q25) f (−q15,−q10)
f (−q20,−q5) , A1 = −q
(
q25;q25)∞, A2 = −q2 f (−q25) f (−q
5,−q20)
f (−q15,−q10) .
Then
A0A2 + A21 = 0, A2/A1 = −A1/A0 = q
f (−q5,−q20)
f (−q15,−q10) = R
(
q5
)
. (1.12)
Eq. (1.11) can be rewritten as
f (−q1/5)
q1/5 f (−q5) = 1/R(q) − 1− R(q). (1.13)
Theorem 1.5. For the 3-dissection of A = (q;q)∞(q2;q2)∞ , we have
A0A2 + 2A21 = 0,
A2
2A1
= − A1
A0
= G(q3).
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A0A1A5 − A32 = 0, (1.14)
A0A
2
2 + A2A21 + A1A25 = 0, (1.15)
A1A
2
2 + A2A25 + A5A20 = 0, (1.16)
A5A
2
2 + A2A20 + A0A21 = 0. (1.17)
Identity (1.14) can be found on page 239 of Ramanujan’s second notebook. In [2, Theorem 5.2], George E. Andrews, Anne
Schilling, and S. Ole Warnaar obtained q-series identities for three characters (of the possible four) of the M(3,7)3 minimal
model. Somos found out that the right-hand side of the three equations given correspond to A0, A5, A2 of the 7-dissection
of (q;q)∞ , while the remaining nonzero section A1 yields the right-hand side of the fourth equation. In [9, (21b)], B. Feigin,
O. Foda, and T. Welsh gave a conjectured identity for the fourth equation in [2]. The reader can refer to [2] and [9] for more
details.
2. Proofs and applications
We give proofs of Theorems 1.2–1.6 and derive several new corollaries in this section.
Proof of Theorem 1.2. By choosing k = 3 in (1.5), we have
f (a,b) = f (a3b6,a6b3)+ af (b3,a9b6)+ bf (a3,a6b9).
If we choose a = −q, b = −q2 in the above identity, then
(q;q)∞ = f
(−q,−q2)= f (−q12,−q15)− qf (−q6,−q21)− q2 f (−q3,−q24).
So A0 = f (−q12,−q15), A1 = −qf (−q6,−q21), and A2 = −q2 f (−q3,−q24). The relation A2A20 + A0A21 + A1A22 = 0 can be
rewritten as
f
(−q3,−q24) f 2(−q12,−q15)− f (−q12,−q15) f 2(−q6,−q21)+ q3 f (−q3,−q24) f 2(−q3,−q24)= 0. (2.1)
Divided by f (−q3,−q24) f (−q6,−q21) f (−q12,−q15) on both sides, (2.1) can be rewritten as
f (−q12,−q15)
f (−q6,−q21) −
f (−q6,−q21)
f (−q3,−q24) + q
3 f (−q3,−q24)
f (−q12,−q15) = 0. (2.2)
Setting x = q6, λ = q9, x = q3, λ = q18, and x = q12, λ = q−9 respectively in the quintuple product identity (1.6), we have
f (−q12,−q15) f (−q27)
f (−q6,−q21) = f
(−q36,−q45)+ q6 f (−q9,−q72), (2.3)
f (−q6,−q21) f (−q27)
f (−q3,−q24) = f
(−q36,−q45)+ q3 f (−q18,−q63), (2.4)
f (−q3,−q24) f (−q27)
f (−q12,−q15) = f
(−q18,−q63)+ q12 f (−q−9,−q90). (2.5)
By choosing n = 1 in (1.1), we have
q12 f
(−q−9,−q90)= −q3 f (−q9,−q72). (2.6)
By (2.3)–(2.6), we ﬁnish the proof after simpliﬁcation. 
As mentioned by Somos in his essay, Theorem 1.2 can also be proved by considering the 3-dissection of (q,q)3∞ .
Second Proof of Theorem 1.2. Since n(n + 1)/2 ≡ 0 (mod 3) when n ≡ 0,2 (mod 3) and n(n + 1)/2 ≡ 1 (mod 3) when
n ≡ 1 (mod 3), by Jacobi’s identity (1.2), A2 = 0 in the 3-dissection of (q,q)3∞ . Set the 3-dissection of (q;q)∞ to be A =
A0 + A1 + A2. Then according to the residues of the exponent modulo 3, the 3-dissection of (q,q)3∞ is
(q,q)3∞ =
(
A30 + A31 + A32 + 6A0A1A2
)+ (3A20A1 + 3A21A2 + 3A22A0)+ (3A2A20 + 3A0A21 + 3A1A22).
This implies that A2A20 + A0A21 + A1A22 = 0. 
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(
q3,q3
)3
∞ = f
(−q2,−q7) f 2(−q4,−q5)+ qf (−q,−q8) f 2(−q2,−q7)− qf (−q4,−q5) f 2(−q,−q8). (2.7)
Proof. Since n(n + 1)/2 ≡ 1 (mod 3) if and only if n ≡ 1 (mod 3), by (2.7), we only consider the case n = 3k + 1 in Jacobi’s
identity (1.2) and obtain
∞∑
k=0
(−1)3k+1(6k + 3)q (3k+1)(3k+2)2 = 3A20A1 + 3A21A2 + 3A22A0, (2.8)
where Ai are parts in the 3-dissection of (q,q)∞ . By Jacobi’s identity, it is easy to see that the left-hand side of (2.8) is
−3q(q9;q9)3∞ . Divide by −3q on both sides and then replace q3 with q in (2.8). Then Corollary 2.1 can be derived after
simpliﬁcation. 
Corollary 2.2.
∞∑
n=−∞
(−1)n(6n + 1)q 3n
2+n
2 = f 3(−q4,−q5)− qf 3(−q2,−q7)− q2 f 3(−q,−q8)+ 6q f (−q) f 3(−q9)
f (−q3) . (2.9)
Proof. We need a variant of Jacobi’s identity. Rewrite the left-hand side of Jacobi’s identity as
∞∑
n=0
(−1)n(n + 1)q n(n+1)2 +
∞∑
n=0
(−1)nnq n(n+1)2
and then replace n with −n − 1 in the former sum. Hence,
∞∑
n=−∞
(−1)nnq n(n+1)2 = (q;q)3∞.
Since n(n + 1)/2 ≡ 0 (mod 3) only when n ≡ 0,2 (mod 3), by (2.7), we have
∞∑
k=−∞
(−1)3k3kq 3k(3k+1)2 +
∞∑
k=−∞
(−1)3k−1(3k − 1)q 3k(3k−1)2 = A30 + A31 + A32 + 6A0A1A2.
We replace k with −k in the latter sum on the left-hand side, then replace q3 with q, and ﬁnally change the notation from k
to n. Thus,
∞∑
n=−∞
(−1)n(6n + 1)q 3n
2+n
2 = f 3(−q4,−q5)− qf 3(−q2,−q7)− q2 f 3(−q,−q8)
+ 6qf (−q,−q8) f (−q2,−q7) f (−q4,−q5).
It is easy to see that
f
(−q,−q8) f (−q2,−q7) f (−q4,−q5)= (q;q)∞(q9;q9)3∞
(q3;q3)∞ =
f (−q) f 3(−q9)
f (−q3) . 
We replace q2 with q in Corollary 1.3.21 in [4, p. 20] and have
∞∑
n=−∞
(6n + 1)q 3n
2+n
2 = ϕ2(−q) f (−q). (2.10)
Identity (2.9) is much more complicated than (2.10). The combination of (2.9) and (2.10) gives the next corollary.
Corollary 2.3.
2
∞∑
n=−∞
(6n + 1)q6n2+n = ϕ2(−q) f (−q) + f 3(−q4,−q5)− qf 3(−q2,−q7)− q2 f 3(−q,−q8)+ 6q f (−q) f 3(−q9)
f (−q3) .
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A(ωq) = A(q) + (ω − 1)A1(q), A
(
ω2q
)= A(q) + (ω2 − 1)A1(q).
Let p be a complex number with |p| < 1. Then
A(ωp)A(ωq) = A(p)A(q) + (ω − 1)[A(p)A1(q) + A(q)A1(p)]− 3ωA1(p)A1(q),
A
(
ω2p
)
A
(
ω2q
)= A(p)A(q) + (ω2 − 1)[A(p)A1(q) + A(q)A1(p)]+ (3ω + 3)A1(p)A1(q).
So
A(ωp)A(ωq) + ωA(ω2p)A(ω2q)= (1+ ω)A(p)A(q) − 3(1+ ω)A1(p)A1(q).
The above identity is equivalent to
3A1(p)A1(q) = A(p)A(q) + ωA(ωp)A(ωq) + ω2A
(
ω2p
)
A
(
ω2q
)
. (2.11)
It is shown in the proof of Corollary 2.1 that
A1 = −3q
(
q9,q9
)3
∞.
So we can rewrite (2.11) as
27pqA
(
p9
)
A
(
q9
)= A(p)A(q) + ωA(ωp)A(ωq) + ω2A(ω2p)A(ω2q). (2.12)
The main theorem in [5] states: For ω, z ∈H= {τ : Imτ > 0},
27η3(3w)η3(3z) = η3
(
w
3
)
η3
(
z
3
)
+ iη3
(
w + 1
3
)
η3
(
z + 1
3
)
− η3
(
w + 2
3
)
η3
(
z + 2
3
)
,
which was shown to be equivalent to (2.1) in [5], and the equivalence of (2.12) and (2.1) in [5] is immediate. We omit the
details here. 
For Theorem 1.4, the 5-dissection of (q;q)∞ , (1.11), is given in Berndt’s book [3, pp. 81–82]. From (1.8), it is an immediate
result that (1.12) holds. We deduce (1.13) by replacing q with q1/5 in (1.11).
Proof of Theorem 1.5. By Corollary 1.1,
(q;q)∞
(
q2;q2)∞ = f (−q,−q2) f (−q2,−q4)
= f (q3,q6)ϕ(−q9)− qf (q3,q6) f (−q3,−q15)− q2 f (1,q9) f (−q3,−q15). (2.13)
Since f (1,q9) = 2ψ(q9), we have
A0 = f
(
q3,q6
)
ϕ
(−q9), A1 = −qf (q3,q6) f (−q3,−q15), A2 = −2q2ψ(q9) f (−q3,−q15). (2.14)
By (2.14), the relation A0A2 + 2A21 = 0 is equivalent to
ϕ
(−q9)ψ(q9)= f (q3,q6) f (−q3,−q15). (2.15)
The left-hand side of (2.15) is
ϕ
(−q9)ψ(q9)= (q9;q18)2∞(q18;q18)∞ (q
18;q18)∞
(q9;q18)∞ =
(
q9;q9)∞(q18;q18)∞. (2.16)
The right-hand side of (2.15) is
(−q3;q9)∞(−q6;q9)∞(q9;q9)∞(q3;q18)∞(q15;q18)∞(q18;q18)∞.
So we only need to show(−q3;q9)∞(−q6;q9)∞(q3;q18)∞(q15;q18)∞ = 1.
We ﬁnd that
(−q3;q3)∞
(−q9;q9)∞
(
q3;q18)∞(q15;q18)∞ = (−q3;q3)∞(q3;q18)∞(q9;q18)∞(q15;q18)∞ = (−q3;q3)∞(q3;q6)∞ = 1,
where the ﬁrst equality follows from (1.3).
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− A1
A0
= q (q
3;q18)∞(q15;q18)∞
(q9;q18)2∞
= G(q3).
We thus complete the proof. 
By (2.16), we can rewrite (2.13), the 5-dissection of (q;q)∞(q2;q2)∞ , as
1
G(q)
− 1− 2G(q) = q−1/3 (q
1/3;q1/3)∞(q2/3;q2/3)∞
(q3;q3)∞(q6;q6)∞ (2.17)
if we replace q with q1/3. This is essentially the same as Theorem 2 in [7]. In [7], by studying
∑∞
n=0 a(n)qn =
(q;q)−1∞ (q2;q2)−1∞ , Hei-Chi Chan discovered the nice congruence a(3n + 2) ≡ 0 (mod 3) by ﬁnding its generating function.
Theorem 2.1.
∞∑
n=0
a(3n + 2)qn = 3 (q
3;q3)3∞(q6;q6)3∞
(q;q)4∞(q2;q2)4∞
. (2.18)
It is an analogue of Ramanujan’s “most beautiful” identity
∞∑
n=0
p(5n + 4)qn = 5 (q
5;q5)5∞
(q;q)6∞
,
where p(n) is the partition function.
We give a proof of Theorem 2.1 using the 3-dissection of (q;q)∞(q2;q2)∞ .
Proof. Since (q;q)∞(q2;q2)∞ = A0 + A1 + A2, we have
(qω;qω)∞
(
q2ω2;q2ω2)∞ = A0 + A1ω + A2ω2
and (
qω2;qω2)∞(q2ω;q2ω)∞ = A0 + A1ω2 + A2ω.
It can be shown that
(q;q)∞
(
q2;q2)∞(qω;qω)∞(q2ω2;q2ω2)∞(qω2;qω2)∞(q2ω;q2ω)∞ = (q
3;q3)4∞(q6;q6)4∞
(q9;q9)∞(q18;q18)∞ .
So
1
(q;q)∞(q2;q2)∞ =
(A0 + A1ω + A2ω2)(A0 + A1ω2 + A2ω)
(A0 + A1 + A2)(A0 + A1ω + A2ω2)(A0 + A1ω2 + A2ω)
= (q
9;q9)∞(q18;q18)∞
(q3;q3)4∞(q6;q6)4∞
{(
A20 − A1A2
)+ (A22 − A0A1)+ (A21 − A0A2)} (2.19)
gives the 3-dissection of (q;q)−1∞ (q2;q2)−1∞ .
We consider the coeﬃcient of q3n+2 on both sides of (2.19) and have
∞∑
n=0
a(3n + 2)q3n+2 = (q
9;q9)∞(q18;q18)∞
(q3;q3)4∞(q6;q6)4∞
(
A21 − A0A2
)
.
By the relation A0A2 + 2A21 = 0, (2.15), and (2.16),
∞∑
n=0
a(3n + 2)q3n+2 = 3q2 (q
9;q9)3∞(q18;q18)3∞
(q3;q3)4∞(q6;q6)4∞
.
So ﬁnally we have
∞∑
n=0
a(3n + 2)qn = 3 (q
3;q3)3∞(q6;q6)3∞
(q;q)4∞(q2;q2)4∞
by dividing by q2 and then replacing q3 with q in (2.20). 
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f (a,b) = f (a28b21,a21b28)+ af (a35b28,a14b21)+ a3bf (a42b35,a7b14)+ a6b3 f (a49b42,b7)
+ a3b6 f (a7,a42b49)+ a3bf (a35b42,a14b7)+ bf (a28b35,a21b14).
So
(q;q)∞ = f
(−q,−q2)= A0 + A1 + A2 + A5
= { f (−q70,−q77)+ q7 f (−q28,−q119)}− q{ f (−q56,−q91)) + q14 f (−q7,q147)}
− q2 f (−q49)− q5{ f (−q35,−q112)+ q7 f (−q14,−q133)}.
By the quintuple product identity (1.6),
A0 = f
(−q70,−q77)+ q7 f (−q28,−q119)= f (−q14,−q35) f (−q49)
f (−q7,−q42) ,
A1 = f
(−q56,−q91)+ q14 f (−q7,q140)= f (−q21,−q28) f (−q49)
f (−q14,−q35) ,
A5 = f
(−q35,−q112)+ q7 f (−q14,−q133)= f (−q35,−q112)+ q21 f (−q−14,−q161)
= f (−q
7,−q42) f (−q49)
f (−q21,−q28) . (2.20)
So the 7-dissection of (q;q)3∞ is given by
A = A0 + A1 + A2 + A5 = f (−q
14,−q35) f (−q49)
f (−q7,−q42) − q
f (−q21,−q28) f (−q49)
f (−q14,−q35)
− q2 f (−q49)− q5 f (−q7,−q42) f (−q49)
f (−q21,−q28) . (2.21)
Then (1.14) can be obtained easily.
For (1.15)–(1.17), we need to consider the 7-dissection of (q;q)3∞ and show that its A2 = A3 = A5 = 0. The proofs are
similar to the second proof of Theorem 1.2 and we omit them here. 
As observed by Somos, identity (1.14) can also be derived from (1.15)–(1.17).
Proof. We add (1.15), (1.16), (1.17), and then multiply by A2 to ﬁnd that
A2
3(A − A2) + A22
(
A0
2 + A12 + A52
)+ A2(A0A12 + A1A52 + A5A02)= 0.
We multiple (1.15) by A0, (1.16) by A1, (1.17) by A5, and then add them to obtain
A0A1A5(A − A2) + A22
(
A0
2 + A12 + A52
)+ A2(A0A12 + A1A52 + A5A02)= 0.
Thus by subtraction, (1.14) can be deduced immediately. 
We replace q7 with q and then divide by f (−q7) on both sides of (2.21) to ﬁnd that the 7-dissection of (q;q)∞ is
equivalent to
f (−q 17 )
f (−q7) =
f (−q2,−q5)
f (−q,−q6) − q
1
7
f (−q3,−q4)
f (−q2,−q5) − q
2
7 − q 57 f (−q,−q
6)
f (−q3,−q4)
= (q
2;q7)∞(q5;q7)∞
(q;q7)∞(q6;q7)∞ − q
1
7
(q3;q7)∞(q4;q7)∞
(q2;q7)∞(q5;q7)∞ − q
2
7 − q 57 (q;q
7)∞(q6;q7)∞
(q3;q7)∞(q4;q7)∞ . (2.22)
We can observe that
f
(−q,−q6) f (−q2,−q5) f (−q3,−q4)= f (−q) f 2(−q7).
Identity (2.22) is related to the Rogers–Selberg identities which appear as equations 33, 32, and 31 in L.J. Slater [11], which
are given by
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∞∑
n=0
q2n
2
(q2;q2)n(−q;q)2n =
f (−q3,−q4)
f (−q2) ,
B(q) =
∞∑
n=0
q2n
2+2n
(q2;q2)n(−q;q)2n =
f (−q2,−q5)
f (−q2) ,
C(q) =
∞∑
n=0
q2n
2+2n
(q2;q2)n(−q;q)2n+1 =
f (−q,−q6)
f (−q2) .
Then (2.22) can be rewritten as
f (−q 17 )
f (−q7) =
B(q)
C(q)
− q 17 A(q)
B(q)
− q 27 − q 57 C(q)
A(q)
.
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